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Turbulence Measurements in a Mach 2.9
Boundary Layer Including Mild Pressure Gradients

Rodney D. W. Bowersox* and Thomas A. Buter'
U.S. Air Force Institute of Technology, Wright—Patterson Air Force Base, Ohio 45433-7765

Mass-weighted-time, or Favre-averaged, turbulence measurements were acquired in a Mach 2.9 air boundary
layer for three pressure gradient cases. Curved walls were used to produce the pressure gradient and streamline
curvature effects. The boundary layers along a curved wall expansion (3~ — 0.5 and Rey = 14.5 X 10%), the
expansion region (3 ~ —1.2and Reg = 11.5X 103) following an initial compression (3 == 1.0), and a nominally zero
pressure gradient (Rep = 10.9 X 10%) were investigated. Laser Doppler velocimetry and cross-film anemometry
were used to acquire direct and detailed surveys of the Reynolds shear stress (;‘)W) and the mean transverse Favre
velocity fluctuation (™). Velocity profiles were also acquired. The magnitude and distribution of the turbulent shear
stress was found to be strongly affected by the pressure gradients. When compared with the zero pressure gradient
results, the favorable pressure gradient was observed to significantly reduce the shear stress magnitude (50-100%
across the boundary layer), which was consistent with the reported stabilizing effect of the expansion wave on the
turbulent flow structure. The effects of the “combined” pressure gradient on the shear stress profile was not as
pronounced (nominal 20% increase). In both cases, the overall magnitude of the v/ component was dramatically
increased: a nominal increase of 170% for the favorable pressure gradient and 300% for the combined flow.

Nomenclature

= tunnel height

= Mach number

= production

= pressure work

= pressure

= Reynolds number

= temperature

= mean Farve-averaged axial velocity
= velocity components

= friction velocity [\/(ty,/pw)]

= Cartesian coordinates

= Pl Y/t

=8*"/t,dp/dx

= boundary-layer thickness

= kinematic displacement thickness
= kinematic momentum thickness
= density

= shear stress
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= boundary-layer edge
= total condition

= wall

= freestream condition

Superscripts

= Favre

i = incompressible component

= Reynolds

= Favre fluctuating component

= Reynolds fluctuating component
= Reynolds mean component
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Introduction

UPERSONIC turbulent wall boundary layers subjected to a

pressure gradient arise in many situations of practical interest.
For example, the exterior curved surfaces of high-speed flight vehi-
cles or missiles, supersonic aircraft engine inlets, and the flow within
high-performance compressors or turbofans may experience a su-
personic, pressure gradient, turbulent boundary layer. Such flows are
typically intractable from an analytical standpoint and challenging
from either an experimental or numerical perspective.

At the present time, simulation of such flows are limited by the
accuracy of turbulence modeling methodology. Given the lack of
computational resources necessary to directly solve and/or perform a
large eddy simulation of high Reynolds number turbulent flows, en-
gineers must rely on an approximate averaged form of the governing
Navier—Stokes equations. The prevailing approximating techniques
are the Reynolds time and Favre mass-weighted time averaging.!
Of the two, Favre averaging is almost universally adopted for com-
pressible flows. The benefit of Favre averaging over the standard
Reynolds averaging is that the explicit appearance of the density—
velocity correlations in the Navier—Stokes equations is eliminated.
The second-order components of the Favre- and Reynolds-averaged
turbulent shear stresses are given by
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ij —
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As can be inferred from Eq. (1), the compressible Favre-
averaged Navier—Stokes equations are similar in appearance to the
incompressible Reynolds-averaged form. This fact coupled with
Morkovin’s hypothesis,? which states that . . . the essential dynam-
ics supersonic boundary layers follow the incompressible pattern,”
has led researchers to extend incompressible turbulence models to
compressible flows on a largely ad hoc basis. As reported in Spina
et al.,’> Morkovin’s hypothesis is taken to be valid if the fluctuating
Mach number M’ is small (i.e., M'/M < 0.3). It has generally been
accepted practice to neglect compressibility effects for M < 5.0
(Ref. 4). The effort to develop “compressibility effect” corrections
to incompressible models has been extensive.>~® However, Spina et
al.? report that the dynamics of the turbulent boundary layer may
be affected by compressibility at lower Mach numbers than pre-
viously believed. Further, Smits et al.® compared the structure of
an incompressible and a supersonic (M = 2.9) boundary layer.
Their measurements indicated . .. that despite broad similarities,
the turbulence structure of supersonic and subsonic boundary lay-
ers display significant differences.”® Some of the differences may be
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explained via an examination of the equation governing the transport
of the Favre-averaged turbulent shear stress [Eq. (1)].

The familiar form of the Favre-averaged turbulent shear stress
equation is given by'®

LA
T+ 3 (Uk) = =Py + ey + T
T —9p  —3p
+ 5x—k[—(fkju§ + ) + Cipd + u; 7% + u,’()_x, )

where 7;; is the laminar viscous shear stress tensor, P;; is the usual
production term, IT;; is the pressure-strain redistribution term, &;; is
the dissipation, and C;jy is termed the turbulent transport term.'® The
last two terms in Eq. (2) are commonly referred to as the pressure
work terms and arise because, for compressible flows, u; # 0. Since
the presence of these terms is a direct result of compressibility,
researchers do not have the luxury of an incompressible database
upon which to build models. Measurements of any of the terms in
Eq. (2) are rare. Thus, to develop models for these terms, researchers
have primarily relied on intuition or some approximate analytical
method. For example, the strong Reynolds analogy and applied rapid
distortion theory!!' 2 have been used to obtain reasonably accurate
predictions for the effects of bulk dilatation on the Reynolds shear
stress. Nonetheless, modeling efforts of this sort suffer from a lack
of experimental data.

Though the structure of the subsonic and supersonic boundary
layers with and without pressure gradient has been extensively
studied,>~*1-2! experimental investigations that provide Favre-
averaged turbulence quantities are rare. Thus, the objective of the
present research was to directly measure the mean transverse Favre
fluctuation velocity (v”) and the Favre turbulent shear stresses
(pu”v"). Laser Doppler velocimetry and cross-film anemometry
were utilized to obtain these data. A Mach 2.9 turbulent boundary-
layer flow was studied. Curved walls were used to generate mild
pressure gradients: an expansion (§ ~ —0.5) and an expansion
(B =~ —1.2) following a compression (8 =~ 1.0). Measurements
were obtained across the boundary layers for each of the two afore-
mentioned curved walls. In addition, the zero pressure gradient tun-
nel boundary layer was surveyed for comparative purposes.

Experimental Apparatus

Facilities

All tests were performed in the U.S. Air Force Institute of Tech-
nology supersonic wind tunnel. This blowdown, pressure-vacuum
system provided 25-s test times at Mach 2.9, with a £0.02 variation
across the test section. The settling chamber pressure and tempera-
ture were maintained at 2.0 % 0.03 atm and 294 + 2 K for all tests.
The freestream Re/m = 15 x 105, The freestream turbulent kinetic
energy was 0.016% of the mean specific kinetic energy. The test
section was 6.35 x 6.35 cm in cross section. The coordinate system
was defined such that x was positive in the streamwise direction,
and the origin was located at the nozzle throat. Since all of the mea-
surements were made normal to the tunnel ceiling, y was defined as
positive down, and it was zero at the test section ceiling; z completed
the right-hand system.

The curved wall sections were built into the tunnel ceiling, and
the contours started at x = 65.08 cm. The curved wall contours were
generated to match a cubic polynomial:

Ah(cm) = ag + a1 Ax + @y Ax® + a3 Ax®

where Ah was relative to the tunnel ceiling, and Ax(cm) = x —
60.0. The coefficients for the combined pressure gradient (CPG) and
favorable pressure gradient (FPG) curved walls are given in Table 1.
The tunnel height above the lower floor is shown in Fig. 1. The
measurements normal to the curved wall were acquired at x = 71.0

Table 1 Model contours

Model ag x 1 ap x 10 az x 100 az x 1000
FPG —0.2078 0.8970  —0.9476 —0.03598
CPG 1.186 —5.410 7478 -2.800

8.0 —] — ~— Favorsble Pressuse Gradient
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Fig.1 Schematic of pressure gradient curved wall contours.

and 71.5 c¢m for the CPG and FPG models, respectively. The zero
pressure gradient data were also taken at x = 71.5 cm downstream
of the nozzle throat. These measurement locations were nominally
3500 momentum thickness heights downstream of the nozzle exit,
and hence it is expected that the boundary layer had reached a state
of equilibrium.

Instrumentation

A Dantec brand 57N enhanced Burst Spectrum Analyzer two-
component laser Doppler velocimetry system, with a 300-mW
argon-ion laser, was used for the present experiment. The 1/¢% beam
diameter was 0.82 mm. The green beams (514.5 nm) and blue beams
(418.0 nm) were aligned paralle] and perpendicular to the model
walls, respectively. This was done to avoid the angular bias reported
in Ref. 18. A 40-MHz frequency shift was applied across both the
green and blue components. A 600-mm focal-length transmitting
lens was used; this provided a 0.276-mm diam control volume that
was 0.9 cm long (along the z axis). Because of the increased inten-
sity of the scattered light, forward scattering was used. However,
to prevent damaging the photomultiplyer tubes, the system was op-
erated at 3.5 deg off axis. The Dantec three-dimensional traverse
system was used. The rated accuracy was £80 pum.

The flow was seeded by injecting 0.6-um particles of olive oil
along the centerline of the tunnel upstream of the flow straightners
within the stilling chamber. The particles were generated with a TSI
brand six jet atomizer. Random error uncertainty analysis indicated
a 9.0 and 8.0% scatter in the mean velocity and Reynolds shear
stress measurements, respectively. The largest source of uncertainty
was related to a 0.01-mm scatter in the traverse position.

TSI brand Intelligent Flow Analyzer 100 constant temperature
anemometer systems were used with cross-film sensors. The TSI
1243-20 platinum hot-film sensors each had a length of 1.0 mm and
a diameter of 51 um. The cross-film probe area was nominally 1.0
mm?. The frequency response was optimized to nominally 120 kHz
by the square wave technique in the Mach 2.9 freestream. The data
presented here were taken using the single overheat technique.?
However, multiple overheat data were also acquired, and compari-
son with the single overheat results indicated that the results agreed
to within the expected experimental scatter.'®

Data Reduction

The cross-film data reduction techniques were founded in the
analyses of Kovasznay?® and Spangenberg.? In general, the reduc-
tion was based on the empirical heat loss formula (King’s law)

Nu=a+/Re,+b

where Re, is the effective cooling Reynolds number.?? As in
Bowersox and Schetz,? the cosine law was assumed valid since the
flow angles in the present thin layer type flow were not expected to
deviate substantially from those of the calibration. The sensors were
calibrated by placing them in the freestream and varying the tunnel
total pressure. Other researchers have developed modified forms of
the preceding heat transfer law for supersonic flow.?® However, since
the minimum linear regression correlation coefficient for all of the
present cross-film calibrations was 0.993, King’s law was deemed
appropriate.
Cross-film anemometry provided a direct measurement of

(ou) (pvy
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The compressible Reynolds turbulent shear stresses [Eq. (1)] were
related to the mass flux fluctuation correlation by the following
identity?*:

2

+ puv 3

P2 PU)?

p
where third-order correlations were neglected. For thin layer type
flows, the second term on the right-hand side is usually much smaller
than the first. This has been verified for the present flows,'*> where
the second term was estimated to be nominally 1-5% of the first.
Laser Doppler velocimetry (LDV) provided direct measurements
of the mean velocity and the kinematic Reynolds shear stress
{i.e., first term on the right-hand side of the Reynolds shear stress

[Eq.(D1):
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The kinematic Reynolds shear stress is related to the Favre shear
stress by the following identity:

puV” = puv’ + pu” v )

where u] = —;)-’u—;/ p. Thus for homogeneous gaseous flows where
p'/p is expected to be on the order of %, the second term on the
right-hand side of Eq. (5) is fourth order. Hence, it can be neglected
with respect to the second-order shear stresses, which allowed a
measurement of the Favre shear stress with the LDV technique.

Finally, for thin layer flows where v/ <« 1.0, the laser Doppler
and cross-wire data can be combined to yield direct measurements
of the mean transverse Favre velocity fluctuation. Hence Egs. (1),
(3), and (4) can be combined to give

v’ w'v'  (pu) (pvy
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Results and Discussion

Mean Flow Results

The measured flow conditions are summarized in Table 2. The
zero pressure gradient freestream conditions (x = 71.5 cm) were
used as the reference upon which the effects of the pressure gradi-
ent/streamline curvature could be assessed. As expected, the veloc-
ity boundary-layer momentum and displacement thickness heights
were found to increase as a result of both the wall curvature stream-
line divergence and the effects of the favorable pressure gradient
on the density field.> The boundary-layer thicknesses for the com-
bined pressure gradient flow were found to be similar to the zero
pressure gradient results. Figure 2 presents the measured wall pres-
sures along each model. The pressure gradient along the wall at the
measurement locations was estimated from these data, and they are
also provided in Table 2.

Table 2 Flowfield parameters

Model M, dpy/dx,Pa/m  Rey 6,mm &, mm 7, Pa 8

ZPG 279 02x10* 11x10* 050 061 700 0.02
FPG 291 -26x10* 15x10* 056 089 440 -—05
CPG 251 —18x10° 12x10* 045 057 850 -—12

20 | | Favorable Pressire Gradient

1.6 A Combined Pressure Gradient

1.2

BalP.
0.4
0.0lll|llll|lllllllllll]lllT_,
620 640 660 680 700 720
x{cm)

Fig. 2 Wall pressure contours (uncertainty: +2%).

Since, as discussed later, LDV measurements were obtained in the
logarithmic portion of the boundary layer, the wall shear stress was
estimated by applying the Couette flow assumption in the near-wall
region. Thus, '

d
er; =T+ %y

The wall shear stress values summarized in Table 2 were estimated
with the preceding relation. In an attempt to validate the present
results, the van Driest II skin-friction correlation?” was used to esti-
mate the wall shear stress. To perform the analysis, it was assumed
that the zero pressure gradient flow could be modeled as a flat plate
with its origin at x = 0. Based on this analysis, the wall shear
was estimated as 67.0 Pa. The excellent agreement, 4.3%, was well
within the expected +10% uncertainty of the correlation.”’”

Estimates of the Clauser®® pressure gradient parameter 8 are given
in Table 2. Because of the natural growth of the tunnel boundary lay-
ers, there existed a very slight adverse pressure increase (8 = 0.02).
However, this was considered negligible, and these data were used
as the zero pressure gradient comparison case. The favorable pres-
sure gradient was also very mild (8 = —0.5). Though the pressure
gradients of the combined flow (8 = 1.0 and —1.2) were much
stronger than that of the favorable pressure gradient, 8 values of
+1.0 are also generally considered to be mild. As will be shown
later, the effects of these mild pressure gradients on the turbulent
flow structure were dramatic.

Presented in Fig. 3 are the axial velocity profiles for each of the
three flow conditions. The minimum measured y™* locations for each
data set were estimated as 100, 50, and 200 for the zero, favorable,
and combined pressure gradient boundary layers, respectively. As
can be inferred from Fig. 3, for the present scaling the inner region of
the boundary-layer velocity profile was most affected by the pressure
gradient.

Turbulence Results

Shown in Fig. 4 is a comparison of the present zero pressure
gradient turbulent shear stress measurements [filled circles—laser
Doppler (x =71.5 cm) and filled squares—cross-film (x =44 cm)]
to the Mach 2.9 boundary-layer results of Robinson et al.!” and Elena
and LeCharme'® and the incompressible data of Klebanoff.! The
overall qualitative agreement of the present results to the previous
data is quite good. Because of the uncertainties associated with
the wall shear stress, boundary-layer thickness, and turbulent shear
stresses, the relatively large scatter in Fig. 4 is reasonable. The cross-
film shear stress results were deduced from the cross-film output
by assuming that the static pressure fluctuations were zero.?! The
agreement between the present data sets at two x locations indicated
that the boundary layer had reached a state of equilibrium. With
the measurement techniques validated, the effects of the pressure
gradient/streamline curvature were investigated.

Compared in Fig. 5 are the incompressible Reynolds-averaged
[or Favre-averaged, see Eq. (5)] turbulent shear stresses measured
with the laser Doppler velocimeter. Compared with the zero pres-
sure gradient results (filled circles), the favorable pressure gradient
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‘ ¥
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e
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I Favonable Pressure Gradient
A Combined Pressure Gradient
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0.01 0.10 1.00 10.00
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Fig. 3 Velocity profiles (uncertainty: +9.0%).
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Fig.4 Zero pressure gradient turbulent shear stresses.
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Fig. 5 Turbulent shear stress profiles (uncertainty: +8.0).
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Fig.. 6 Reynolds-averaged turbulent shear stress (uncertainty:
+13.0%).

boundary-layer shear stress magnitudes (filled squares) were re-
duced by 50-100%, depending on location within the boundary
layer. In fact, over the top half of the boundary layer, the turbulent
shear stresses were essentially zero. This decrease in the turbulent
shear stress adds credence to the notion that a favorable pressure gra-
dient tends to stabilize the flow.>~'? The combined pressure gradient
turbulent shear stresses (filled triangles) were found to be very sim-
ilar in magnitude to the zero pressure gradient results. For this case,
the flow first experiences a destabilizing compression, followed by
the stabilizing expansion, and since the strength of each pressure
gradient, based on the Clauser parameter, was nominally equal and
opposite, the relatively small differences in the shear stresses were
not overly surprising.

Presented in Fig. 6 are the Reynolds-averaged shear stresses mea-
sured with the cross-film [see Eq. (3)]. Comparing to the zero pres-
sure gradient results, one can see that the overall Reynolds shear
stress was increased for both nonzero pressure gradients. This is in

1.8 [ ] Zero Preasure Gradient L4
1.6 3 B Favorable Pressure Gradieat 4
14 A Combined Pressuse Gradient “
1.2 [
. =6
1.0 e
y/8 08 am '.f
. R - ?
0.6 a . .:.
0.4 s u e
a ' i
0.2 Las ‘ .. P )
0 .0 T T I T T 1 T ' T T T T I T T T T I

-0.012 -0.008 -0.004 0.000
-V'1U
Fig. 7 Mean transverse Favre-averaged velocity fluctuation (uncer-
tainty: +21.0%).

direct contrast to the results in Fig. 5. The effects of the pressure
gradients on the #o’v’ term on the right-hand side of the Reynolds
shear stress [Eq. (1)] were deemed responsible for the measured in-
creases. This notion is consistent with the results of Morkovin.?¢ To
better assess this phenomenon, this term was isolated as described
by Eq. (6). The results are given in Fig. 7. Note the increase in v”
of approximately 170 and 300% for the favorable and combined
pressure gradient flows, respectively.

An equation governing the transport of the mean Favre velocity
fluctuations is obtained by combining the fluctuating momentum
and continuity equations,

dpu)) | BpUw]) _  —dw _ dng  _ du]

+ = TpU T T o Pl

ot oxy Xy ax; ax
L i) P (O 2
axk /3 axk 3x,~

2 -
o 0ty dp
+ (‘5) (a— - a—) @

Note that the arguments previously used to relate the Favre and
incompressible component of the Reynolds shear stress were again
applied. The first and last terms on the right-hand side of Eg. (7) can
be taken to represent the mean flow production. For the transverse
component, with the molecular shear stress neglected, these terms

reduce to
2
_aV - ' p
P _,3(14'/ +v,,3V) _ (ﬂ_) 3p
ox dy pJ) 9y

where P was defined to represent the production of v”. The pres-
sure gradient across the boundary layer due to the streamline cur-
vature can be estimated by

where R is the radius of curvature of the flow turning. For the fa-
vorable pressure gradient model, § ~ 1.28 cm and R = 48 cm.
Hence using the boundary-layer edge conditions to obtain a repre-
sentative value, then 3p/dy ~ —160.0 kPa/m. For the present mild
favorable pressure gradient flows, the strain rates in the first term
on the right-hand side of P” can reasonably be assumed to be much
smaller that the pressure gradient term. Thus, the production due to
the streamline curvature was an important factor affecting v”. For
the combined pressure gradient model, § ~ 0.75 cm and R = 29
cm, leading to dp/dy ~ —360.0 kPa/m.

Referring back to Eq. (2), one can assess the relative importance of
the production and pressure work terms in the turbulent shear stress
transport. The largest production term [O(8)] for the x—y component
of the shear stress for boundary-layer type flows is given by

on oit
— +F ~ F
P= tyy?)—; = _zryxa_
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where the second approximation was based on empirical evidence.?
In addition, the pressure work term reduces to

dy ax

where for mild pressure gradients the first term can be expected to
be much larger than the second. Assuming that the strong Reynolds
analogy holds for the present adiabatic flows and that #” ~ v”, then

the ratio of the pressure work to the production can be estimated
as

P,/P ~ —[(y = 1)/2IM}(8/R)

Hence, P,/P ~ 5.0 and 16.0% for the favorable and combined
pressure gradient flows, respectively.

The dramatic changes in the turbulent shear stresses have of-
ten been attributed to the additional strain rate terms in the
production.?- 14 Therefore, to qualitatively assess the relative size of
the next largest production terms, the —t,,du/0x term was exam-
ined. Defining this term as P,, the ratio of P,/ P can be estimated as
P, 2 1Au 6

P N_Eue Ax

Thus, taking the velocity difference as relative to the flat plate re-
sults (x = 71.5 cm), then P,/ P ~ —0.1 and 0.3% for the favorable
and combined pressure gradient flows, respectively. Hence, com-
pared to the additional production terms, the pressure work terms
have been shown also to be very important for streamline curvature
driven pressure gradient boundary layers.

Conclusions

In the present study, laser Doppler velocimetry and cross-film
anemometry were used to measure the x—y Favre-averaged turbu-
lent shear stresses and mean Favre transverse velocity fluctuation
across a supersonic turbulent boundary layer, where wall curvature
was used to generate a mild favorable (8 = —0.5) and a combined
(B = 1.0 and —1.2) pressure gradient. For comparative purposes,
measurements across a zero pressure gradient equilibrium boundary
layer at the same axial station were also acquired. When compared
with the zero pressure gradient results, the combined streamline
curvature and pressure gradient affects were found to significantly
alter the turbulent shear stress. For the favorable pressure gradient
flow, the magnitude across the layer was found to decrease by 50—
100%. In addition, the turbulent shear stresses along the upper half
of the boundary layer were found to be essentially zero. The com-
bined pressure gradient data, though qualitatively similar, were only
magnified by roughly 20%. The mean transverse Favre-averaged ve-
locity fluctuation component was found to dramatically increase for
both the favorable and combined pressure gradient flows, 170 and
300%, respectively. Finally, the present measurements suggested
that the pressure work terms in the equation governing the transport
of the turbulent shear stress, which arise because of compressibility
and the nonzero pressure gradients, were about one order of magni-
tude smaller than the leading production contribution (i.e., P,,/P ~
5.0-16.0%). The remaining production terms, to which the dramatic
increases in the turbulence levels have often been attributed, are
generally of the same order as the pressure work. However for the
present flows, these terms were estimated to be roughly an order of
magnitude smaller than the pressure work terms. Thus, compressible
turbulence transport models should include both for consistency.
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